Abstract. We give conjectures for the mean values of Hasse-Weil type ¿-functions over cyclotomic fields. In view of the Birch-Swinnerton-Dyer conjectures, this translates to interesting arithmetic information.
1. In 1967 A. Weil [6] showed that if the Dirichlet series for "sufficiently many" a such that (a, tV) = 1 and all primitive characters x mod a, where yVand k are positive integers and e is a primitive character mod N, then/(z) = ££Li a(n)e'll'inz is a modular form with multiplier e of weight k for the congruence subgroup r0(/V) = ¡(ac *) a,b,c,deZ,adbe = 1, c = 0 (mod N)\.
Our aim is to propose some conjectures on the asymptotic behaviour of the mean value S(X; h) = £ ff Li(kß, X) (h ^ 2 a fixed integer) p&X X mod Z) í=l(« X*=X0 Z'ítXo for r<A where the sum is restricted to primes p, and Xo is the principal character mod p.
Let Lh(s, x) = ££Li a(nh)x(ri)n~s. If T,i(j) satisfies (1) and (2), then we propose the following The integrals in the above conjecture can be easily evaluated asymptotically by shifting the line of integration and computing the residues at z = 0. If we assume that L±(s) has an Euler product of the form
with \fp\2 = /7*_1 (see [1] ), then we have the following (ii) Tor A > 2,
In the case that the weight fc is 2, that (1), (2) and (3) are satisfied and the a(n) are rational, it is known (see [4, Theorems 7 .14, 7.15]) that Li(s) is the Hasse-Weil L-function of some elliptic curve E, and</,/>can always be expressed as the product of an algebraic number, a power of it, and the two periods of E. For example (see [5] ), when k = 2, N = 11 there is a unique cusp form of weight 2 : 2. In order to lend credence to our Main Conjecture, we give the following arguments. Firstly, the conjecture for S(X; 2) has already been dealt with in [3] . We therefore consider S(X; h) for h > 2. For any prime p = 1 (mod n) there are <j>(h) characters mod p of exact order h, and moreover these characters are all primitive. It follows by where n ' means that the product is taken over all characters of exact order h, which we denote by Xl, ..., Xl¡>M. By Lavrik's method (see [3] Shifting the line of integration to c = jL-i + £(0 <£<£-£) and using standard estimates for the growth of the Rankin-Selberg L-function, the proposition follows on computing the main term of the residue and applying the prime number theorem for arithmetic progressions.
